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A C*-algebra is said to have a trivial K,-flow if K,(B) = 0 for any hereditary 
C*-subalgebra B of M(A). We prove that if A is a cr-unital AF algebra, then A has 
a trivial K,-flow and that if A is a finite von Neumann algebra, then A @K has a 
trivial K,-flow. Moreover, we prove that if the multiplier algebra of A has FS, then 
the unitary group of B is connected for any hereditary C*-subalgebra B of M(A). 
In addition, we prove that if A is either a u-unital, nonunital, purely infinite, simple 
C*-algebra or a nonunital C*-algebra stably isomorphic to a Bunce-Deddens 
algebra, then K,(B) = 0 for any hereditary C*-subalgebra B of M(A) not contained 
in A. $1 1990 Academic Press, Inc 
If A is a C*-algebra, we denote the multiplier algebra of A by M(A). 
Briefly, 
where A** is the Banach space double dual of A. For more information on 
the multiplier algebras, the reader is referred to [ 1, 10, 161, and subsequent 
papers. In this note, we will be concerned with the K,-groups of hereditary 
C*-subalgebras of the multiplier algebras of certain C*-algebras. 
A C*-algebra A is said to be AF if for any positive number E and for any 
finitely many elements a,, a,, . . . . a,, in A, there exist elements 6,, bZ, . . . . b, 
in a finite dimensional C*-subalgebra B of A such that 110, -bill <E for 
1 d idn [13, 151. A C*-algebra is said to have the FS property, or briefly 
to have FS, if the set of self-adjoint elements with finite spectra is norm 
dense in the set of all self-adjoint elements [4, 2.6; 18; 9; 241. It is clear that 
AF algebras, von Neumann algebras, A W*-algebras and the Calkin 
algebra have FS. It was proved [S] that the Bunce-Deddens algebras have 
FS. It has been recently proved [24,28] that the Cuntz algebras 0, 
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(26~2~ +x) and O,, if A is an irreducible matrix, have FS. More 
generally, any purely infinite simple C*-algebra has FS [24, 281. Moreover, 
A has FS if and only if A @K has FS, and iff RR(A) = 0 [9]. Many more 
specific examples can be found in the author’s recent paper [24]. 
Separable AF algebras have been studied in great detail during the last 
few years ([ 13, 1.51, among many others). C*-algebras with FS have been 
recently investigated from various aspects in [9; 20-281. But many aspects 
of the multiplier algebras of such C*-algebras, even for separable nonunital 
AF algebras, are far from being clear. Some results on the structure of the 
multiplier algebras of C*-algebras with FS have been recently obtained in 
[9; 2&27]. One of them, which is essential for this paper, says that if A 
is a o-unital C*-algebra with FS, then for any hereditary C*-subalgebra B 
of M(A), the positive part of B is the closed positive linear span of its 
projections [22, 1.11. Recall that a C*-subalgebra B of a C*-algebra A is 
said to be hereditary if 0 < a 6 h, a E A and b E B implies LI E B. Clearly, B 
is a hereditary C*-subalgebra of A if and only if (BAB)- = B. In particular, 
every closed ideal of a C*-algebra is hereditary. For studying the structure 
of projections in M(A), it is especially desirable to obtain information on 
the K-theory of closed ideals of M(A), if A has FS. This note is one step 
forward in this direction, and we in fact consider the K-theory for general 
hereditary C*-subalgebras of M(A). 
In the first section, we prove some lemmas for proving the main results 
later. For example, we shall prove that if A is a stable C*-algebra the 
closed linear span of whose projections is norm dense, then A has an 
approximate identity consisting of projections. We shall also prove that if 
A is a von Neumann algebra, and p is any projection in A OK, then 
p(A @ K) p is a von Neumann algebra. 
In the second section, we shall prove that the K,-group of any hereditary 
C*-subalgebra of M(A) is trivial if A is a a-unital AF algebra, or if 
A = N @ K where N is a finite von Neumann algebra and K is the 
C*-algebra consisting of all compact operators on a separable Hilbert 
space. We also prove that if A is a purely infinite, simple, a-unital 
(nonunital) C*-algebra, then any hereditary C*-subalgebra of M(A) not 
contained in A has a trivial K,-group, whether K,(A) is trivial or not. 
Combining this with the proof of a recent result of L. G. Brown, we also 
obtain that if A is a nonunital C*-algebra stably isomorphic to a Bunce- 
Deddens algebra, then any hereditary C*-subalgebra of M(A) not contained 
in A has a trivial K,-group. However, K,(A) z Z [3, 10.11.41. Some specific 
examples are also given. 
In the third section, we shall prove that if A is a o-unital AF algebra or 
A = N @ K, where N is a finite von Neumann algebra, and if M(A) has FS, 
then the unitary group of B is connected for any hereditary C*-subalgebra 
B of M(A). 
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If B is a C*-subalgebra of a unital C*-algebra A, we shall denote the 
C*-subalgebra of A generated by B and the identity of A by Bt. Clearly, 
Bt is isomorphic to B, the C*-algebra obtained after joining an identity to 
B. We shall identify Bt and B without further comments. We denote the 
C*-algebra consisting of all n x n matrices over a C*-algebra B by M,(B) 
and the matrix units in K by {eV). “ w ” denotes the Murray-von Neumann 
equivalence of projections in a C*-algebra. 
1. SOME LEMMAS 
A C*-algebra A is said to have LP if A is the closed linear span of its 
projections. The following lemma is one of the key points in this paper. 
1.1. LEMMA. If A is a stable V-algebra with LP, then A has an 
approximate identity consisting of projections. If, in addition, A is a-unital, 
then A has an approximate identity consisting of an increasing sequence of 
projections. 
Proof: Since A is stable, we can identify A and A OK. It suffices to 
prove that for any positive number E > 0 and any positive element x in 
A OK, there exists a projection p in A Q K such that 
ll(1 -PM <E. 
Since A @ K has LP, there exist projections pi of A @ K and real numbers 
Ai (1 d i < m) such that 
II x- f &p; <f. i= 1 II 
For each 1 d i < m, since p, is a projection in A 0 K, there exists a self- 
adjoint element yi in M,,(A) for some nj3 1 such that [lpi- yill = 6/2 is 
small. Set pi = ~(~-~,+,)(y~). Then p( is a projection in M,(A) such that 
lIpi- pill is small. Replacing each pi by p,!, where /Ipi -pill is small enough, 
we can assume that p,, pz, . . . . p, are all in M,(A) for a common n 3 1 and 
Choose projections q2, q3, . . . . q,,, in M,,(A) such that qipI = 0 for 2 6 i 6 m 
and 
q2 - P2> q3 - P3 > . ..T qm -pm, q,q,=o if 2<i<j<m. 
580/92/l-6 
80 SHUANG ZHANG 
Let u2, L’~, . .. . u,,, be partial isometries in M,,,,,(A) such that 
v, r:* = q; and VPV, = P, (2,<i<m). 
Let B be the C*-subalgebra of M,,,(A ) generated by (p, , u2, vj, . . . . u, 1. 
Clearly, {P,, p2, . . . . p,,, q2, q3, . . . . qm) is a subset of B, and hence 
C;=, Ripi is an element of B. Set q, = p, + CT= z q,. Then q0 is a projection 
in B which generates B as a closed ideal. By [S, 2.81, there exists a partial 
isometry u’ in M( B 0 K) such that 
w*w = 1 and wH’* = qo@ 1. 
Thus, projections rI = W* [cf = , (q,, 0 eii)] u’ (I >, 1) constitute an approxi- 
mate identity of B@ K. 
Since Cyz, Ripi is an element of B, we can choose n, large enough 
such that 
Replacing r,,,) by a projection p in M,,(B), where n, 2 mn, such that 
lip - r,,ll < (~1’41 IE~~, 4pJl -I, we have that 
It follows that 
Since B is a C*-subalgebra of M,,(A), M,,(B) is a C*-subalgebra of 
M,,[M,,(A)] zMM,,,,(A). The projection p in M,,(B) can be identified 
with a projection in M,,,,(A) c A OK. 
The second conclusion follows from [Zl, 1.21 and the first conclu- 
sion. 1 
1.2. Remark and Counterexample. (i) The conclusion of Lemma 1.1 is 
not true for non-stable C*-algebras with LP in general. 
(ii) Counterexample. Let us first recall that if A is a cr-unital 
C*-algebra with FS, then “K,(A) = 0” is a necessary condition for 
M(A @K) to have FS [21, 3.21. Hence, if K,(A)#O, then there exist 
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a-unital hereditary C*-subalgebras of M(A @ K) which do not have 
approximate identities consisting of projections. This is due to the fact that 
a C*-algebra has FS if and only if it has HP: every hereditary 
C*-subalgebra has an approximate identity consisting of projections 
[18; 4, 2.71. It is obvious that every hereditary C*-subalgebra has an 
approximate identity consisting of projections if and only if every a-unital 
hereditary C*-subalgebra has an approximate identity consisting of projec- 
tions. On the other hand, by [22, 1.11, every hereditary C*-subalgebra of 
M(A 0 K) has LP. Specific examples can be found in [24, Section 31. 
(iii) The following corollary implies that M(A 0 K) has FS if and 
only if every non-stable hereditary C*-subalgebra of M(A @ K) has an 
approximate identity consisting of projections, where A is a cr-unital 
C*-algebra with FS. The reader is advised to compare the following 
corollary with [24, 2.41 to get more information. 
1.3. COROLLARY. If A is a o-unital C*-algebra with FS, then any 
stable hereditary C*-subalgebra of M(A OK) has an approximate identity 
consisting of projections. 
ProoJ Since A has FS, A@ K has FS [9]. By [22, 1.11, any hereditary 
C*-subalgebra of M(A@ K) has LP. The conclusion follows from 
Lemma 1.1. 1 
1.4. COROLLARY. If A is a stable simple C*-algebra containing a nonzero 
projection, then A has an approximate identity consisting of projections. 
Proof By [lS, 41, A has LP. The conclusion follows from 
Lemma 1.1. 1 
A C*-algebra A is said to have cancellation of projections if for any 
projections p, q, r, and s in A”, 
“p+r-q+s and r - s” = p - q. 
This is a natural extension of the definition for unital C*-algebras in 
[3. 6.4.1). 
The following lemma is a rather modest generalization of [ 14,2.2] for 
matroid algebras. We state it here in a general situation for future references. 
1.5. LEMMA. Suppose that A is a C*-algebra with cancellation of projec- 
tions. If g,, g,, e, and f are projections in A such that 
g0Ge<g,, goG.f<g,, e-f, 
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then there exists a unitary element u in A such that ueu* =,f, ug, = g,u = g,, 
andu,(l-g,)=(l-g,)u,=l-g,. 
Proof Since e -,f and A has the cancellation of projections, 
e-g,-f- g, and g, -e-g, -$ It follows that there exists a unitary ug 
of (g, -go) A(g, - g,) such that uO(e- go)@ =f- g,. Define u = g, + 
u0 + (1 - gi), as desired. 1 
If A is a o-unital C*-algebra with FS, then, by [21, 1.21, every projection 
p in M(A)\A can be written as a sum of mutually orthogonal projections 
of A, say p = xi”=, fi, converging in the strict topology. We shall say that 
(f,} is a decomposition of p. Correspondingly, every element x in pM(A) p 
can be written as a matrix form with respect o the decomposition of p. If 
an element x of pM(A) p has a diagonal matrix with respect o a decom- 
position of p, we shall say that x is a diagonal element. 
The proof of the following lemma is essentially contained in [ 14,2.4; 151 
for separable AF algebras, which serves for certain C*-algebras with FS 
also. We sketch the proof for later references. 
1.6. LEMMA. Suppose that A is a o-unital (nonunital) C*-algebra with 
FS and cancellation of projections. Zf p is a projection in M(A) \ A and u is 
a unitary in M(A) such that u( 1 - p) = (1 - p) u = 1 - p, then there exists a 
path ofunitaries ofM(A), say {u(t)+ (1 -p) : O< t f l}, such that 
u(0) = 24 and u(l)=u,uo+(l-p) 
for two block diagonal unitaries u, and u0 of pM(A)p with respect to two 
decompositions of p, where {u(t) : 0 d t < 1 } is a path of unitaries of 
PM(A) P. 
Proof Since pM(A)p = M(pAp) and pAp has the same properties as A 
does, we can assume that p = 1. Let (e,} be an increasing sequential 
approximate identity of A consisting of projections and 0 <E < 2 be a 
number. By the proof of [14,2.4], using Lemma 1.5 we can find a unitary 
u in M(A) such that /Iu - uII < E and 
ve,v*<e,, <ve,,v*<e,,< ... ~ee,,dve,,v*~e,~+,~ve,+,v*d .“, 
where l<m,<n,<m,< ... <m,<ni<mi+l<ni+I< .... Changing 
notation, we can assume that 
Smce e, N ue, u* and A has cancellation of projections, e2 - ue, u* - e2 - e,. 
Then we can choose a unitary w, of e,Ae, such that wiue, u*wr = e,. It 
follows that w, ve, = e, w, u. Since ve3 v* w e3 and A has cancellation of 
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projections, ve3 v* - e2 N e3 - e2 and e4 - e3 N e4 - veg v*. Then we can 
choose a unitary w2 of (e4 -ez) A(e, -e2) such that w2v(e3 - e,) = 
(e3 -. e,) w2v. Recursively, for each n 3 1 we can choose a unitary w, of 
(e2n--e2n-2Me2n- eZne2) such that w,~v(e2n-I-eZn-3)=(e2n~1-e2n-3)wnv. 
Set w =CT=i w,. It is routine to show that w is a unitary in M(A). 
Clearly, w has a diagonal matrix form with respect to the decomposition 
1 = IT,“=, (e2n - e,,- 2) (e. = 0). Moreover, it is easily checked that WV = u0 
has a diagonal matrix form with respect to the decomposition 
1 =CF=, (e2,+,--2,-l ). Hence, u( 1) = w*zq, is as desired. 1 
It is well known that the K,-group of a separable AF algebra is trivial [ 13, 
9.21. For a general AF algebra (not necessarily o-unital), we have the same 
conclusion. 
1.7. PROPOSITION. If A is an AF algebra (not necessarily a-unital), then 
the A’,-group of any hereditary C*-subalgebra of A is trivial. 
Proof Since any hereditary C*-subalgebra of an AF algebra is still an 
AF algebra [ 15,3.1], it suffices to show that the K,-group of any AF 
algebra is trivial. To show this, we first note that for any m 2 1, M,(A) is 
still an AF algebra. Hence, by the definition of K,-group [3,8.1], to show 
that K,(A) = 0, it is sufficient to show that the unitary group of 2 is 
connected. Let u be any unitary in 2. Since A” is an AF algebra also, there 
exists an element a in 1 such that [Ia - u/J <p and a is in a finite dimen- 
sional C*-subalgebra B of A”. Choosing p > 0 small enough, we can assume 
that a is an invertible element of d, and also u and a are in the same path 
component of the group of invertible elements. Since the unitary group of 
A’ is a homotopic retract of the group of invertible elements, there exists a 
unitary element v in B which is connected to u in the unitary group of 2. 
Since B is finite dimensional and v is a unitary in B, v is connected to the 
identity in the unitary group of B and so in the unitary group of A”. 1 
1.8. PROPOSITION. If A is any von Neumann algebra and p is any projec- 
tion in A 0 K, then p(A 0 K)p is a von Neumann algebra, too. 
Proof: By [23, 3.33, p is path connected, in the set of projections of 
A OK, to a projection with the form: q = C:= 1 pi0 eii, where p;s are 
projections of A. Clearly, p(A 0 K) p z q(A 0 K)q. On the other hand, it is 
easily verified that q(A 0 K)q is a von Neumann algebra, by using the fact 
that M,(A) is a von Neumann algebra. 1 
1.9. COROLLARY. If A is a a-unital AF algebra or A = B@ K, where B is 
a finite von Neumann algebra, and if p is any fixed projection of M( A), then 
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the unitary group of p(M(A) p is connected. (Zf‘ A is a a-unital AF, the 
conclusion follows from the argument in [ 141.) 
Proof: First, assume that p is a projection in A. If A is AF, the 
conclusion follows from the proof of Proposition 1.7. If A = B@ K, where 
B is a finite von Neumann algebra, p( B @ K) p is a von Neumann algebra 
by Proposition 1.8. It is well known that the unitary group of any von 
Neumann algebra is connected. Hence, the conclusion is true. 
We assume that p is a projection in M(A)\A from now on. Let A be a 
o-unital AF algebra first. Let u be any unitary of PM(A) p. By Proposi- 
tion (1.6), u is connected to a product of two unitaries with block diagonal 
matrices, say u1 uO. Let u0 = it’, + w2 + ... + MJ, + . . . . where the w,‘s are 
mutually orthogonal. Let ri = n*i~xT for each i 3 1. Then C,=: , r, = p, where 
the sum converges in the strict topology. Consider r,Ari for each i 2 1. If 
A is AF, then riAri is AF by [ 15, 3.11. By the proof of Proposition 1.7, we 
can choose a path of unitaries (wi(t) : 06 t < l} of r,Ar, such that 
u>;(O) =ri and w,(l) = 1~~. Set w(t) =C,“=, wi(t). It is easily seen that 
{w(t) : 0 < t 6 1) is a path of unitaries of PM(A) p such that w(O) = p and 
w( 1) = uO. (This is Elliott’s argument in [ 141.) 
Now assume that A = B@ K. Since B is a finite von Neumann algebra, 
by [ 19, V.1.381, B has the cancellation of projections. Obviously, M,(B) is 
a finite von Neumann algebra for any m 3 1. Since B@ K has FS, by 
[23, 3.31, every projection in B@ K is connected, by a path of projections 
of B@ K, to a projection with the form: Cr=, pi@eji, where the pi’s are 
projections of B. It easily follows that B@ K has cancellation of projections. 
Since p is a projection in M(A), by [23, 71, p is unitarily equivalent to 
a projection q = Cp”= i ri 0 eii, where the ri)s are projections of B. It is clear 
that pM(A)psqM(A)q. Hence, we can assume that p=c,“, , ri@e,. 
Clearly, for each i > 1, ri Bri is still a von Neumann algebra. We can repeat 
the argument given above for AF algebras. 
To connect u1 to the identity p in the unitary group of pM(A)p, the 
argument is the same. Hence, u1 u0 is connected to p in the unitary group 
of PM(A)P. I 
2. MAIN RESULTS 
2.1. THEOREM. Zf A is a a-unital AF C*-algebra, then the K,-group of 
any hereditary C*-subalgebra of M(A) is trivial. In particular, the K,-group 
of any closed ideal qf M(A) is trivial. 
Proof For the purpose of later reference, we divide the proof into four 
steps to see the assumptions needed. 
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Step 1. Let B be any hereditary C*-subalgebra of M(A). If B is unital, 
Corollary 1.9 applies (or see [ 141). Hence, the unitary group of B is con- 
nected. Since M,(B) is a unital hereditary C*-subalgebra of M, [ M( A )] z 
M[A4,(a)] and M,(A) is still AF, the conclusion follows. We can assume 
that B is not unital. Since (by [ 15, 3.11) every hereditary C*-subalgebra of 
an AF algebra is still AF, and the K,-group of any AF algebra is trivial by 
Proposition 1.7, we can assume, furthermore, that B $ A. 
Step 2. Our ultimate goal is to show that any unitary in (Bt @ K)+ is 
path connected to the identity of (Bt @ K)+ in the unitary group of 
(Bt @ K)+. In the present step, A can be an arbitrary C*-algebra. 
Let u be any unitary in (B+@ K)+. It is well known that u is connected 
to a unitary with the form u,, + (1 -F,,) for some n 3 1, where 
F,, = xi.‘=, (1 Be,,) and U, is a unitary in M,(B+). Assume that 
u=u,!+(l-F,,) from now on. 
Let r be the composition map of the quotient map and the two 
isomorphisms as follows: 
z: M,(B+)44,,(B+)/M,(B)al4,,(B+/B)rM,,(@). 
u, = t(~,) is a unitary in M,(C), which can be canonically lifted to a 
unitary in M,(B+). Thus, U, = ~,+a, for some element a, in M,(B). 
Clearly, U, is connected to a unitary with the form F, + b,, where b, = ~,*a, 
is an element in M,(B). From now on, we assume that U, = F,, + b,. The 
remaining work is to connect the unitary u,, + (1 -F,) = 1 + b, to the 
identity by a path of unitaries in (Bt @ K)+. 
Step 3. In this step, we assume that A is a a-unital C*-algebra with FS. 
Since B is a hereditary C*-subalgebra of M(A), it is easy to check that 
M,(B) is a hereditary C*-subalgebra of M, [M(A)] for any m 3 1. On the 
other hand, M,[M(A)] zM[M,(A)], and M,(A) is still a o-unital 
C*-algebra with FS [9]. It follows from [22, 1.11 that M,(B) has LP for 
any m b 1. It is routine to show that B@ K has LP. 
Since b, is an element in M,,(B), applying Lemma 1.1 for any E > 0 and 
the stable C*-algebra B@ K, we can choose a projection q in M,(B) for 
some m > n such that 
Thus, 
Ilb,(l-9111 <E and ll(l -q)b,,/I <E. 
lb, - qbnqll < 38. 
Set x, = F,,, + qb,q. Then x, is in M,( B’). Set u,,, = F,, + b,,. Then 
u,, = u, + (Fm - F,, 1 and /IG - x,,,II = lib,, - qbnqll < 3~. 
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If e is small enough, x,,, is an invertible element in M,,,(B+). Moreover, s,,, 
is path connected to U, in the group of invertible elements of M,(P). 
Since x,, = (F,n - q) + qx,wq, it is clear that qx,,lq is an invertible element in 
qM,,(B+)q. It is well known that the unitary group of a C*-algebra is a 
homotopic retract of the group of its invertible elements. It follows that 
qx,q is connected, by a path of invertible elements of qM,,(B’)q, to a 
unitary element v,,, of qM,(B’)q. Hence, u,, is path connected to the 
unitary (F, - q) + u,,, in the unitary group of M,(B+). Since q E M,,,(B) and 
M,(B) is a hereditary C*-subalgebra of M,[M(A)] g M[M,(A)], 
qM,(B)q=qM,[M(A)]q. Identify M,(M(A)) and M(M,(A)). Then u,,, 
is identified with a unitary in qM[M,( A )] q, still denoted by v,,. 
Step 4. Assume that A is a o-unital AF algebra. Since A is AF, M,(A) 
is AF, too. Corollary 1.9 applies. v, is connected to the identity of q in 
the unitary group of qM[M,,,(A)]q = qM,(B)q. Therefore, (1-q) + v, is 
connected to the identity of (Br@K)+ in the unitary group of (Bt 0 K)‘, 
and so is (1 - F,) + u,. Since (1 - F,,) + u,, = (1 - F,,) + u,,, the conclusion 
follows. 1 
2.2. THEOREM. If A is a finite von Neumann algebra, then the K,-group 
of any hereditary C*-subalgehra of M(A OK) is trivial. 
Prooj Let B be any hereditary C*-subalgebra of M(A 0 K). If B is a 
unital hereditary C*-subalgebra of M(A@ K), then by Corollary 1.9, the 
unitary group of B is connected. Due to the same reason and the fact that 
M,(B) can be identified with a unital hereditary C*-subalgebra of 
M( M,( A) @ K) r M(A @ K), the unitary group of JV,( B) is connected 
for all n > 1. It follows that K,(B) = 0. Hence, we can assume that B is 
nonunital from now on. If B c A 0 K, B has an approximate identity 
consisting of projections, since A OK has FS. Let u be any unitary in Bt. 
Then u is connected to a unitary v = 1 + b in the unitary group of Bt, where 
h is an element of B. Choose a projection q in B such that II( 1 - q)bll 
and /16( 1 - q)l/ are all small. Set x = (1 - q) + qbq. Then /(x - v/I is small 
and hence x is an invertible element of B’. Moreover, x and u are in the 
same path component of invertible elements of Bt if IIx- u/I is small 
enough. Thus, v is connected to a unitary w + (1 -4) in the unitary 
group of Bt, where w is a unitary in qBq. Since B is hereditary in 
M( A @ K), qBq = q( A @ K) q = qM( A @ K) q. The conclusion follows from 
Corollary 1.9. Hence, we can assume, furthermore, that B $ (A OK). We 
leave it to the reader to check that the proof of Theorem 2.1 (Step 2 to 
Step 4) work for this situation also. 1 
2.3. Remark. It was proved in [ 161 that if A is a separable AF algebra, 
then the closed ideal lattice of M(A) is isomorphic to the set of hereditary 
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subsets relatively closed under addition (called ideals) of D(M(A)), the 
local semigroup consiting of Murray-von Neumann equivalence classes of 
projections in M(A). This result has been generalized to the case if A is any 
cr-unital C*-algebra with FS in [20]. By [21, 2.10; 21, 2.123, we know that 
whether K,(A) is trivial or not is a matter equivalent to the lifting of 
projections from the corona algebra of a stable C*-algebra with FS to the 
multiplier algebra. This is one of the motivations for this work. In a 
particular case, it was proved in [9] that if A is a separable infinite 
matroid C*-algebra, and if J is the unique proper closed ideal of M(A) 
strictly containing A, then K,(J) =O. The purpose there is to lift each 
projection in M(A)/J to a projection in M(A) and then to prove that M(A) 
has FS. 
Theorem 2.1 and Theorem 2.2 say that AF and finite von Neumann 
algebras are “very trivial” in the sense of K,. In another direction, for 
certain C*-algebras A, even with K,(A) #O, the K,-groups of hereditary 
C*-subalgebras of M(A) not contained in A can still be all trivial. The 
following theorem provides a framework to give such examples. 
2.4. THEOREM. Suppose that A is a o-unital (nonunital) purely infinite 
simple C*-algebra and B is any hereditary C*-subalgebra of M(A). Then 
K,(B)~K,(A)tffcA;andK,(B)=0ifBqA. 
Proof: If Bc A, the conclusion follows from [24,4.4; 24, 1.33. Assume 
that B Q! A from now on. Let u be any unitary of (Bt 0 K)+. We want to 
prove that u is connected to the identity of (Bt 0 K)+ in the unitary group 
of (Bt @ K)+. It has been recently proved [24, 1.3; 281 that a purely infinite 
simple C*-algebra has FS. Since A is a-unital but nonunital, A E A @K by 
[24, 1.21. Using the same arguments as in the proof of Theorem 2.1 (Step 2 
and Step 3), we see that any unitary element u in (B@ K)+ is connected to 
a unitary with the form: (1 - q) + o, where q is a projection in M,(B)\ 
M,(A) and IJ is a unitary in qM,(B)q. Since M,(B) can be identified with 
a hereditary C*-subalgebra of M[M,(A)O K], correspondingly q is 
identified with a projection in M[M,(A) @ K] \ (M,(A) 0 K). By [24, 1.31, 
M,(A) is also purely infinite simple. It follows from [20, 3.31 that q is 
equivalent to the identity of M[M,(A) 0 K]. Since M,(B) is a hereditary 
C*-subalgebra of M[M,(A)@ K], qM,(B)q=qM[M,(A)@ K]q. Hence, 
qM,(B)qz M[M,(A)@ K]. It is obvious that M[M,(A)@ K] 2 
M(A OK). Since the unitary group of M(A OK) is connected, even 
contractible, the unitary group of qM,(B)q is connected. Therefore, u is 
connected to the identity q of qM,(B)q in the unitary group of qM,(B)q, 
and hence (l-q) + u is connected to the identity of M(A 0 K) z M(A). We 
have completed the proof. 1 
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2.5. EXAMPLES. Example 1. The Cuntz algebras, 0, (2 <n < +x8), arc 
purely infinite and simple [ 11, 1.61. Hence, 0, @ K and, by [24, 1.31, all 
nonunital nonzero hereditary C*-subalgebras of 0,, satisfy the hypotheses 
of Theorem 2.4. Here K,(O,) = 0 [ 111. 
Example 2. O,, if A is an irreducible matrix, is a purely infinite, simple 
C*-algebra [ 11, 1.61. Hence, 0, @K and, by [24, 1.31, all nonzero 
nonunital hereditary C*-subalgebras of 0, satisfy the hypotheses of 
Theorem 2.4. Here K,(O,) f 0 if det(l- A) = 0 [ 11, 4.51. 
Example 3. [Type III factors] @K are also examples satisfying the 
hypotheses of Theorem 2.4. Here, the K,-groups of type III factors are all 
trivial (actually any von Neumann algebra has a trivial K,-group, see 
[3, 8.1.21, for example). 
Example 4. The Calkin algebra C(H) is a purely infinite simple 
C*-algebra. Its K,-group is isomorphic to L by the six-term exact sequence 
of the K-theory. Clearly, C(H)@ K and, by [24, 1.31, any a-unital non- 
unital nonzero hereditary C*-subalgebra of C(H) satisfies the hypotheses of 
Theorem 2.4. 
Example 5. A general result was proved in [22, 1.31: if D is a a-unital 
simple C*-algebra with FS, then M(D)/D is a purely infinite algebra. 
Hence, [ M( D)/D] @ K will provide an example for Theorem 2.4 as long as 
M(D)/D is simple. Specific examples are as follows: 
(i) If D is a separable, finite, nonunital matroid algebra, then 
M(D)/D is purely infinite and simple [14, 3.1; 22, 1.31. 
(ii) More general than (i), if D is a simple, separable, nonunital AF 
algebra, then M(D)/D is simple if and only if either D is elementary or has 
a continuous scale [ 171. By [22, 1.31, M(D)/D is purely infinite and simple 
if D is a nonunital, separable, simple AF algebra with a continuous scale. 
Example 6. If C is a a-unital purely infinite, simple C*-algebra, then C 
has FS [24, 1.31. Let D = CQ K. Then C,,,(C) = M(D)/D is purely infinite 
and simple [24,3.3], and hence has FS [28]. If we define 
C,,,,(C) = NC,,, , j(C) 0 KlIC,m 1,(C) 0 K 
by induction, starting with one o-unital, purely infinite, simple C*-algebra 
C, we can recursively create a sequence of a-unital, purely infinite, simple 
C*-algebras, which all satisfy the hypotheses of Theorem 2.4. 
More examples satisfying the hypotheses of Theorem 2.4 can be found in 
1241. 
2.6. COROLLARY. If A is a type III ,factor, then any hereditary 
C*-subalgebra of M(A @ K) has a trivial K,-group. 
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Proof: If BQ! A @ K, then the conclusion follows from Theorem 2.4. 
Assume that Bc A@ K. Since A Q K has FS, B has an approximate 
identity consisting of projections. If B is unital, then the conclusion follows 
from Proposition 1.8. If B is not unital, then by the same argument as in 
the proof of Theorem 2.4, any unitary of Bt is connected to a unitary in 
pBp for some projection p in B. Thus, we reduce a nonunital case to the 
unital case. Since M,(B) can be identified with a hereditary C*-subalgebra 
of M[M,,(A)@ K] and M,(A) is still a type III factor, the same argument 
applies to M,,(B) for all n 3 1. Hence, K,(B) = 0. 1 
The following proposition states that the BunceeDeddens algebras are 
another finite type of examples such that the conclusion of Theorem 2.4 
holds without referring to the K,-group of the C*-algebra itself. A direct 
computation shows that the K,-group of a Bunce-Deddens algebra is 
isomorphic to Z (see [3, 10.11.41 also). 
2.7. PROPOSITION. Assume that A is a nonunital C*-algebra stably 
isomorphic to a BunceeDeddens algebra. If B is a hereditary C*-subalgebra 
ofM(A), then K,(B)%K,(A) ifBcA; and K,(B)=0 ifB#A. 
Proof If B c A, then since A is simple, we have A @ Kg B@ K by 
[S, 2.83. If B q! A, the conclusion follows from the proof of Theorem 2.1 and 
the proof of a recent result of L. G. Brown (private communication). l 
3. RELATED MATTERS 
For many simple C*-algebras, the generalized Weyl-von Neumann 
theorem holds in M(A) [9; 241. In general, if A is a stable C*-algebra 
with FS, K,(A) = 0 is a necessary condition for the generalized Weyll 
von Neumann theorem to hold in M(A) [21, 3.21. If A is a a-unital (non- 
unital), purely infinite, simple C*-algebra, K,(A) = 0 is a necessary and 
sufficient condition for the generalized Weyllvon Neumann theorem to 
hold in M(A) [24]. But it is still open whether the generalized Weyl- 
von Neumann theorem holds in M(A) if A is a a-unital AF algebra, even 
for separable AF algebras. Recall that the generalized Weyl-von Neumann 
theorem holds in M(A) if and only if M(A) has FS [21, 3.21. We 
shall prove one more necessary condition for the generalized Weyll 
von Neumann theorem to hold in M(A) in terms of the unitary groups of 
all hereditary C*-subalgebras of M(A), if A is a o-unital AF algebra or 
A = A, @ K, where Al is a finite von Neumann algebra. 
3.1. THEOREM. Assume that A is a o-unital (nonunital) AF algebra or 
A = A, @ K, where A, is a finite van Neuman algebra, und M(A) has FS. If 
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B is uny hereditarJ1 C*-subalgebra of M(A), then the unitary group qf’ Bt is 
connected. 
Proof: First we assume that A is a rr-unital AF algebra. If Bc A, then 
B and Bt is AF also. By the proof of Proposition 1.7, the conclusion is true. 
Suppose that B$ A. If B is unital, then, by Corollary 1.9, the conclusion 
easily follows. Suppose that Bg A and B is not unital. 
Let u be any unitary in B’. To show that u is connected to the identity 
via a path of unitaries of B’, we can assume that u = 1 + u, where c is an 
element of B. Since M(A) has FS, B has an approximate identity consisting 
of projections. If I: is any positive number, there exists a projection q of B 
such that II(l -q)ull <E and Ilu(l -q)// <E. Hence llu-quqll <3e. Let 
x = 1 + qoq. Then I/x - ~11 < 3~. It follows that x is an invertible element of 
B and also u and x are in the same path component of invertible elements 
of Bt if E is small enough. Since x can be written as (1 -4) + q(q+ u)q, 
q(q + u)q is an invertible element of qBq. By taking the polar decomposi- 
tion of q(q + u)q in qBq = qM(A)q, we can find a unitary element u,, of qBq 
such that uO and q(q + u)q are in the same path component of invertible 
elements of qBq. Hence, u and (1 - q) + uO are in the same path component 
of unitaries of Bt. Working in qBq, by Corollary 1.9, there exists a path of 
unitaries of qBq connecting q and uO, hence correspondingly there exists a 
path of unitaries of B’ connecting (1 -9) + rO and the identity of Bt. 
Now assume that A =A, 0 K, where A, is a finite von Neumann 
algebra. The proof is the same. 1 
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